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Abstract Sand jet in non-Newtonian viscoplastic ﬂuid is associated with a number of industrial and
engineering applications, including sand capping for the reclamation of oilsands tailings ponds and
sediment deposition into soft mud. In this study, several experiments were carried out by depositing
circular sand jets vertically into viscoplastic ﬂuids, known as Laponite gel. The deformation regimes
of sand jets in the gel were investigated. The yield-gravity parameter of the deformed sand drop
in the gel was computed. c© 2012 The Chinese Society of Theoretical and Applied Mechanics.
[doi:10.1063/2.1205201]
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Sand jets depositing into non-Newtonian ﬂuids have
a number of industrial and engineering applications.
One example is the reclamation of oilsands tailings
ponds using soil capping. Sand and soil are used to
cap the mature ﬁne tailings, a by-product of oil sand
industry, which can be classiﬁed as a viscoplastic, es-
pecially a Bingham plastic ﬂuid.1 Another application
is sand deposit into soft mud at the bottom of rivers
or estuaries, which is also one type of non-Newtonian
ﬂuid. Though we know much about liquid jet breakup
in another liquid and sand depositing into water, there
is limited information available regarding sand jets in
non-Newtonian materials.
A number of studies examined Newtonian liquid jets
into Newtonian or non-Newtonian liquids,2–4 including
jet instabilities, breakup length, drop formation and
sizes. Clift et al.5 schematically described the breakup
of a liquid jet into drops in another medium by several
breakup modes (shown as Fig. 1). Depending on the
ﬂow rate at the nozzle, drops can be formed by dripping,
jetting or atomization. With respect to drops formed by
particles or ﬂuid-particle suspensions, one of few stud-
ies found in the literature was done by Furbank.6 He
considered three diﬀerent conditions for drop formation
by particulate suspension: dripping, transition from
dripping to jetting, and jetting. Nicolas7 used three
non-dimensional numbers to deﬁne diﬀerent regimes of
gravity-driven dense suspension jets into Newtonian ﬂu-
ids. The parameters involved are a dimensionless num-
ber indicating the ratio of gravity force to the viscous
force, a particle Reynolds number and Stokes number.
In the case of granular material discharging into non-
Newtonian, no study has been reported.
For sand-water two-phase jet, although there is a
body of knowledge available surrounding the deposition
of sand and slurry into water,8,9 little is known about
deposition of sand and slurry into viscoplastic media.
Moreover, most of the studies were aimed at investi-
gating the behaviour of single particles or suspensions
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in viscoplastic ﬂuids,10,11 and few studies analyzed agi-
tated movements or particle movements as groups.
Because of the existence of the yield stress, an undis-
turbed viscoplastic medium has capacity to support the
weight of an embedded particle. Once the buoyancy
force exceeded the force due to the yield stress, the
embedded particle will start moving, which can be de-
scribed by a yield-gravity parameter, YG. The criti-
cal values of YG to deﬁne the balance between gravity
and yield stress have been reported ranging from 0.04
to 0.212 by diﬀerent researchers.12 If granular particles
are continuously deposited into a viscoplastic ﬂuid as a
granular jet, the behaviour is expected to be diﬀerent
from one single particle due to the particle-ﬂuid and
particle-particle interactions.
In this study, circular sand jets were deposited ver-
tically into viscoplastic ﬂuids. The size and height of
the jet, the viscosity of the ﬂuid were varied to study
diﬀerent deformation regimes. The penetration process,
the frontal speed and the yield-gravity parameter of the
deformed sand drop in the gel were also reported.
Laponite dispersion is used to make the viscoplas-
tic gel for the experiments. Laponite is a rheological
additive to make transparent clay, which also behaves
like a viscoplastic ﬂuid and can be made by mixing
Laponite with water. As described by Cai,13 Laponite
powder was mixed with demineralised water to form a
3.0 wt% transparent gel. With diﬀerent dispersion time,
the rheology of the gel varied. However, Bingham plas-
tic non-Newtonian model can be used to ﬁt all obtained
rheological data.
τ = τ0 + μpγ˙, (1)
where τ and γ˙ are respectively the shear stress and the
shear rate of ﬂow, and τ0 is the yield stress and μp is
known as plastic viscosity. The best ﬁtted parameters
for diﬀerent samples are presented in Table 1, in which
τ ′0 is the measured value of the yield stress. A set of
experiments were conducted in a 32 cm (W) × 46 cm
(L) × 50 cm (D) rectangular glass tank. The tank was
ﬁlled with 3.0% Laponite gel up to 31.5 cm.
Sand jets were set up to discharge vertically into the
gel. These jets were produced by a hopper ﬁxed at a
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Fig. 1. The breakup regimes of a liquid jet into drops in another medium.5
range of heights and the outlet nozzle size was varied.
The hopper was initially fully ﬁlled with dry silica sand
from Sil industrial minerals, with a median diameter
D50 of (206 ± 54) μm and a density ρs of 2 541 kg/m3.
The sand jet was formed by releasing the stop at the
bottom of the hopper, and allowing the sand free falling
into quiescent gel in the tank.
Depending on the rheology of the gel and the mo-
mentum ﬂux of the grains, these sand jets would pene-
trate the gel or build mounds over the gel surface then
sink as droplets. Diﬀerent deformation types were ob-
served and quantiﬁed by tracking the images of the
whole process using a CCD camera (PULNIX TM-
1400CL). It has a resolution of 1 392× 1 040 pixels, and
the recording rate was set to 30 frames per second.
According to Rao and Nott,14 the mass ﬂux of gran-
ular material is mainly controlled by the exit size of a
sand feeder. In our case, it is the diameter of the exit of
the hopper. Discharging from three nozzles of diﬀerent
sizes, the mass ﬂux of sand jet was obtained by collect-
ing sand grains at the exit of the hopper with increasing
time intervals. Assuming the porosity of sand is 0.4, the
velocity of sand jet at the exit can be computed. The
velocity of a sand jet when it deposited into the gel
were then calculated based on the experimental obser-
vation by Cai et al.15 All experimental details are listed
in Table 2, where Ve, de and V0, d0 are respectively the
velocity and diameter of a sand jet at the exit of the
hopper and the surface of the gel, and H is the distance
between the bottom of the hopper and gel surface.
In our experiments, the sand jet either accumulated
on the gel surface followed by the deformation or con-
tinuous jetting in the gel depending upon the age (i.e.,
rheology) of the gel and the height of the jet. The ob-
served deformation types (shown as Fig. 2) for a sand
Table 1. Bingham plastic parameters of 3.0% Laponite gel.
Time/h τ ′0/Pa τ0/Pa μp/MPa · s−1
24 9.8 10.4 33.6
48 12.7 15.2 18.2
jet depositing into Laponite gel include dispersed jetting
(type I), conﬁned jetting (type II) and dripping (type
III). For type I, gel was entrained by sand jet which
spreads out while shooting down. Type II was charac-
terized by jet with connected drops or smooth conﬁned
jet. In type III, sand jets were broken down into single
drops or drops followed by a satellite.
Granular particles in motion sometimes are similar
to those of ﬂowing ﬂuids. The deformation types shown
in our experiments are in agreement with the tendency
of liquid-liquid breakup described by Clift et al.5 It is
changing as the mean entry velocity or the sand dis-
charge increases. The sand jet broke up in the gel and
formed drops when it was at low velocity from smaller
nozzle and the viscosity of the gel was high (type III).
However, the jet penetrated the gel as a conﬁned jet
in the case of relatively high velocity and bigger nozzle
(type II). Finally it entrained and mixed with less vis-
cous gel while the velocity was very high and the nozzle
was much bigger (type I).
Figure 2 contains images of diﬀerent deformation
types, wherein groups (a) to (c) demonstrate the impact
of entrance velocity and the nozzle diameter. These
three sets of sand jets were all performed in the lower
viscous gel (experiment run No. 1–3, 7–9, 13–15). They
were individually from the nozzle with a diameter of (a)
9.6 mm, (b) 5.4 mm and (c) 3.3 mm. So within each
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Table 2. Experimental details and sand deformation types.
3.0% de/mm Ve/m · s−1 H/cm V0/m · s−1 d0/mm Type lm/cm D/mm Run No.
9.6 0.22 27.3 2.33 4.4 I 87.8 4.1 1
24 h 9.6 0.22 14.6 1.71 5.0 I 67.4 4.7 2
9.6 0.22 6.1 1.11 7.6 II 184.9 10.7 3
48 h
9.6 0.22 26.5 2.29 4.5 II 42.5 130.6 4
9.6 0.22 14.4 1.70 5.4 II 29.9 62.9 5
9.6 0.22 3.6 0.87 8.2 II 17.7 64.4 6
24 h
5.4 0.09 26.8 2.29 1.7 II 16.9 4.0 7
5.4 0.09 14.7 1.70 2.4 II 10.0 4.5 8
5.4 0.09 5.5 1.04 3.0 III 5.5 21.8 9
48 h
5.4 0.09 26.0 2.26 1.8 III 10.0 79.4 10
5.4 0.09 16.0 1.78 2.0 III 7.3 67.1 11
5.4 0.09 3.2 0.80 3.2 III 2.3 55.4 12
24 h
3.3 0.08 28.2 2.35 1.1 III 7.9 39.9 13
3.3 0.08 16.3 1.79 1.5 III 4.8 19.7 14
3.3 0.08 6.9 1.16 1.7 III 2.8 23.7 15
48 h
3.3 0.08 27.4 2.32 1.2 III 4.9 70.2 16
3.3 0.08 17.5 1.85 1.4 III 3.3 57.2 17
3.3 0.08 4.9 0.99 2.0 III 1.3 49.1 18
     (1)      (2)      (3)
  (13)    (14)    (15) (10)        (11)      (12)
     (7)      (8)      (9)
(a) (b)
(c) (d) 
Fig. 2. Example images of deformation types I to III of
sand jets in Laponite gel. (a), Run No. 1–3, (b), Run No.
7–9, (c), Run No. 13–15, (d), Run No. 10–12.
group, the sand jets were from the same nozzle, but the
distance between the exit of the nozzle and the surface
of the gel was varied. For group (a), with the distance
decreasing and the entrance velocity slowing down, it
changed from a dispersed jet with tremendous mixing,
to an oscillating non-axisymmetric jet, further to a con-
ﬁned jet without any interaction with the surrounding
gel. In this case, the particle Reynolds number is de-
ﬁned as Rep = ρgV0D50/μg, where ρg and μg are re-
spectively the density and the viscosity of the gel. This
dimensionless number can be used as a criterion to iden-
tify the transition from dispersed jet to conﬁned jet.7
When the inertial force dominates over viscous force in
the scale of the particle size, or Rep > 1, the jet will
spread out and mix with the surrounding ﬂuid; other-
wise, it maintains the cylindrical shape. For Newto-
nian ﬂuid, the viscosity is a constant and the particle
Reynolds number can be easily computed. However, for
a Bingham plastic ﬂuid, the viscosity changes with the
shear rate of the ﬂow and the calculation is complicated.
In group (b), with a medium size nozzle, de = 5.4 mm,
we observed conﬁned jetting when the jet was posi-
tioned higher, in contrast drops started to form for a
lower jet due to the lack of momentum to penetrate the
gel at its surface. For sand jets from the 3.3 mm nozzle,
only drops were noticed as the jet entered the gel as
shown in Fig. 2(c). In addition, the viscosity of the gel
also plays an important role in the deformation of sand
jet. In viscous gel, sand jets were more likely deformed
into drops (Fig. 2(d)), while for lower viscosity the jet
was continuing from the air in the gel (Fig. 2(b)).
Bingham plastic ﬂuid is characterized by the ex-
istence of the yield stress, which has to be overcome
before the ﬂow starts to shear. The critical status for
sand stream whether jetting into the gel (type I and II)
or creating drops (type III) depends on the balance of
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the momentum ﬂux of the sand grains and the friction
due to the gel. If we assume that the sand jet was a
cylinder with a diameter of d0 when its head hit the gel
surface, and it dug a path through the gel keeping the
same size, the forces applied on the sand cylinder in the
gel, with a length of l, a velocity of V and a porosity
of Φ, include the thrust from the incoming jet Ft, the
negative buoyancy Fb, and the friction of gel acting on
the sand jet surface Ft. m˙ is the mass ﬂux of the sand
jet, then
Ft = m˙V0 − m˙V, (2)
Fb =
π
4
d20l [ρg − (1− Φ) ρs] g, (3)
Fτ = πd0l
(
τ0 − μp dV
dr
)
, (4)
where r is the transverse direction. When the three
forces balanced out,
Ft = Fb + Fτ , (5)
the maximum penetration depth or breakup length of
the sand jet lm in gel was reached, and the velocity of the
jet became zero. So one has V = 0 m/s, dV/ dr = 0,
ρg = 1003 kg/m
3, ρg = 2541 kg/m
3, Φ = 0.4, and
g = 9.81 m/s2. Combine Eqs. (2)–(5), lm can be solved
as
lm =
m˙V0
πd0(τ0 − 1 279d0) . (6)
The ﬁnal results of lm for each jet are all listed in Ta-
ble 2. It shows the same trend of the jet breakup length
as in Fig. 1. Although lm is just a conceptual parame-
ter, it can be used as an index to classify the behavior
of sand jets in gel. When lm is below 10 cm, the sand
jets will form a drop at the gel surface (type III). As lm
increases up to more than 180 cm, sand jets will contin-
uously develop in gel which comes into type II, but it
decreases again when type I appears.
In the experiments with the formation of sand
drops, the front of the penetrated sand drop in the gel
can be located in the images, and the speed of the front
was calculated based on the diﬀerence in two frames
in sequence. In this way, the front speed was tracked
during the process of all these tests.
Laponite is a Bingham plastic non-Newtonian ﬂuid,
hence it can support some weight of sand at its surface
before the yield stress was overcome. For the deforma-
tion type III, as the jet pouring more and more sand
grains, a small pile was built up and the contact area
was bent by it to form the front of a sand drop in the
gel. However, once the maximum bearing force was
achieved, the drop fell suddenly and accelerated in the
gel. As a result, the speed of the front was close to
zero at the beginning, followed with an abrupt rise in
the middle as demonstrated in Fig. 3. However, due to
the boundary eﬀect, the frontal speed decreased again
when the drop approached the bottom of the container.
Within the limit of the depth of the tank, the terminal
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Fig. 3. The frontal speed of sand drops in experiments.
The solid markers are used for the lower viscous gel and the
open markers are for higher viscosity.
velocity of the sand drop was not reached. In Fig. 3,
open markers are used to denote the sand jets deformed
in gel with higher viscosity. It shows all sand drops,
no matter what the size is, followed the same pattern.
Their fronts started to speed up at a depth of 11 cm,
and then slowed down at 18 cm.
Based on the discussion of Chhabra12 in his book,
the drag coeﬃcient CD of a sphere in viscoplastic ﬂuid
can be calculated as CD = 34/QAS, where QAS =
ReB/(1 + 7πBi/24). The Bingham Reynolds number
is deﬁned as ReB = ρgvD/μp, where ρg is the density
of the gel, andD is the diameter of the sand drop. Bing-
ham number Bi = τ0D/μpv. So if the drop is idealized
as a sphere, the drag force acting on it is
FD =
1
8
πD2ρgv
2CD =
17
96
πD (24μpv + 7πDτ0) .
(7)
The buoyancy is
FB =
π
6
D3 [ρg − (1− Φ) ρs] g. (8)
The initial velocity of the drop is negligible compared
with the velocity during the acceleration period. The
kinetic energy of the drop gained during a distance l is
equal to the work done by the drag and the buoyancy,
which are both in the opposite direction of the velocity.
So the energy equation turns out to be
(−FB − FD) l = 1
2
mv2 =
1
6
πD3 (1− Φ) ρsv2. (9)
Combining Eqs. (7)–(9), it becomes
v2 +
51μp
D2 (1− Φ) ρs vl +[
119πτ0
8D (1− Φ) ρs +
2ρgg
(1− Φ) ρs − 2g
]
l = 0.
The velocity of the sand drop v, is found to increase
with the distance l once it starts to accelerate, which
agrees with the results presented in Fig. 3.
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(a) (b) (c) (d) (e) (f)
Fig. 4. The penetration of sand drop at the surface of gel
(Run No. 12 at (a) 5 s, (b) 15 s, (c) 25 s, (d) 35 s, (e) 45 s
and (f) 47 s).
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D	2
D
θ
Fig. 5. The simpliﬁcation of the sand drop shape.
One example of sand drop penetrating through the
gel is presented in Fig. 4. The penetration process is
shown at every 10 s starting from 5 s to 45 s and then
at 47 s, for which the 0 s is taken when the front of the
sand jet entered gel. In this run, acceleration of the
sand drop front happened at 45 s, when the yield stress
acting on the drop surface was exceeded by the negative
buoyancy. These images indicate that the deformation
developed in three stages. At the ﬁrst stage, the front
of the sand drop began to form and grew wider while
slowly moving down until the maximum diameter was
obtained. Figure 4(a)–(c) represent this period. Fig-
ure 4(d)–(e) describe the second stage, during which
the sand drop narrowed down but still sank gradually
till the third stage started. In this ﬁnal stage, the sand
drop accelerated in a sudden and pinched oﬀ rapidly.
To simplify the process, a hemisphere is used to
represent the shape built during the ﬁrst stage, and a
reversed cone is assumed to act for the volume formed
in the second stage. The diameter of the hemisphere
is deﬁned as the deformation size of the sand jet, and
denoted as D. Other deﬁnitions are shown in Fig. 5.
Then the force due to the yield stress for these two
shapes are
Fτ01 =
∫ π
2
0
τ0 sin θ dS =
τ0
∫ π
2
0
πD2
2
sin2 θ dθ =
π2D2
8
τ0, (10)
Fτ02 =
1
8
πD2 cot
ϕ
2
τ0. (11)
Two buoyancies are
FB1 =
1
24
[ρg − (1− Φ) ρs] gπD3, (12)
FB2 =
1
48
[ρg − (1− Φ) ρs] gπD3 cot ϕ
2
. (13)
If we neglect the thrust from the sand jet stream, the
acceleration of the drop will happen when the negative
buoyancy balanced out by the force due to the yield
stress acting on the drop: Fτ01 + Fτ02 + FB1 + FB2 =
0, which yields τ0 = (1/6) [(1− Φ) ρs − ρg] gD[(2 +
cotϕ/2)/(π + cotϕ/2)]. Based on our observation,
φ = 30◦. Since the thrust by the sand stream is ignored,
the smallest jet from the lowest height is employed for
yield stress calculation, which gives a value of 16.9 Pa
for the 24 h old gel and 34.9 Pa for the 48 h old. The
measured value of the yield stress τ0, see Table 1, is
9.8 Pa and 12.7 Pa, respectively. Given the above sim-
pliﬁed model, the comparison is satisfactory.
For the deformation type I of a sand jet in gel, a
drop initially started to form just below the surface of
the gel and continued receiving incoming sand grains
from the jet until the maximum size was obtained, and
then it would accelerate and sink rapidly towards the
bottom of the tank. The maximum diameter of the ﬁrst
drop from a sand jet D, was deﬁned as the deformation
size of the sand jet, which was measured for each run
and also listed in Table 2.
Assuming there is no shear, the volume and the
force due to yield stress of a drop are respectively k1
and k2 times of those of a perfect sphere in the gel,
then the forces acting on a drop are
Ft = m˙V0, (14)
Fb = k1F
∗
b = k1
π
6
D3 [ρg − (1− Φ) ρs] g, (15)
Fτ0 = k2F
∗
τ0 = k2
π2
4
D2τ0. (16)
The superscript ∗ indicates the corresponding force for
a sphere. These forces were balanced before the defor-
mation size was achieved. For deformation type I, Ft is
negligible compared to the other two forces, so
Fτ0 + Fb = 0. (17)
The yield-gravity parameter is deﬁned as
YG =
τ0
gD[ρg − (1− Φ) ρs] . (18)
Substituting Eqs. (15), (16) and (18) into Eq. (17), we
obtain YG = 0.212k1/k2 = kY
∗
G, where k = k1/k2 =
F ∗τ0/(−F ∗b ), and Y ∗G = 0.212 is the yield-gravity param-
eter of a sphere. Figure 6 shows the variation rate of F ∗τ0
with −F ∗b , which also indicates the range of k. Com-
puted directly from Eq. (18), YG is found to fall into
two groups: one is in the range of 0.04–0.08, and the
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Fig. 6. The relationship of buoyancy and the force due to
yield stress of a sphere in gel.
other is between 0.2–0.45. This is in good agreement
with the results summarized by Chhabra.12
The deformation of vertical sand jets depositing into
non-Newtonian viscoplastic ﬂuid can be categorized into
three types. For diﬀerent entry velocity and size, the
jet was dripping, jetting or mixing with the receiving
ﬂuid. When the jet is small and the velocity is low,
a drop will form at the surface of the ﬂuid, while for
big jet with high velocity, it will jet continuously from
the air into the ﬂuid. Especially, when the velocity is
extremely high and the size of the jet is very big, dis-
persion and agitation is observed in the receiving ﬂuid.
On the other hand, the viscosity of the ﬂuid is also
an important factor, as drops are more likely to form
in viscous ﬂuid with higher yield stress. In our experi-
ments, the frontal speed of the sand drops in the gel was
proportional to the distance away from the gel surface.
The yield-gravity parameter of the deformed drops was
found to fall into two groups.
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